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Abstract
We characterize the spaces X for which the space Cp(X) of real valued continuous functions with the topology of pointwise
convergence has local properties related to the preservation of countable tightness or the Fréchet property in products. In particular,
we use the methods developed to construct an uncountable subset W of the real line such that the product of Cp(W) with any
strongly Fréchet space is Fréchet. The example resolves an open question.
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1. Introduction
We study the relationship between a space X and the function space Cp(X) of real-valued continuous functions
on X with the topology of pointwise convergence. The space Cp(X) has been extensively studied [18]. It has been the
source of many interesting examples and often provides information about its underlying space.
In particular, we will be interested in when Cp(X) has local properties related to the preservation of certain lo-
cal properties in products. Conditions on X that characterize the properties of being Fréchet or countably tight (for
definitions see the next section) and other relatively simple local convergence properties of Cp(X) have long been
known (see [8,1]). The properties of countable tightness and Fréchet are not productive (see [22,2]). In recent years
local properties have been defined that allow for some product results to hold. We characterize the spaces X such that
Cp(X) is productively Fréchet, productively countably tight, and tight.
These characterizations allow us to provide an example of a space answering a question of Gruenhage. In particular,
Gruenhage has asked [11] whether every productively Fréchet space has a regular countably compact extension that is
also Fréchet. Under CH we give a negative answer to this question. In fact, we construct an uncountable X ⊆ R such
that Cp(X) is productively Fréchet but not tight. This example gives a nonmetrizable separable productively Fréchet
topological group which has no regular countably compact extension.
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We use standard set theory notation. Ordinals are identified with their set of predecessors. By ω and ω1 we denote
the first infinite ordinal and first uncountable ordinal respectively. For a set X we denote the finite, countable, and
countably infinite subsets of X by [X]<ω, [X]ω, and [X]ω, respectively.
Let X be a completely regular topological space. We let Cp(X) denote the set of all real-valued continuous func-
tions defined on X with the topology of pointwise convergence. By 0 we denote the function which has value 0 at each
point in X. For each F ∈ [X]<ω and k ∈ ω let U(F, k) be the set of all f ∈ Cp(X) such that f [F ] ⊆ (−1/2k,1/2k).
Notice that the collection N (0) = {U(F, k): F ∈ [X]<ω and k ∈ ω} is a base of open neighborhoods at 0. For more
information on Cp(X) see [18].
It will be convenient for us to use the language of filters. Let X be a fixed set. Recall that a collectionF of nonempty
subsets of X is a filter provided that F ∩G ∈F for all G,F ∈F and for any F ∈F and H such that F ⊆ H ⊆ X we
have H ∈ F . Given a collection C of sets we let C↑ = {S: ∃C ∈ C, C ⊆ S ⊆ X}. Clearly, if C is closed under finite
intersections and does not contain the empty set, then C↑ is a filter. If a filter is of the form F = C↑ we say that C
is a base for F . Generally, if C is a base for F we write F = C as opposed to F = C↑ when there is no danger of
confusion. A sequence (xn)n∈ω is identified with the filter {{xk: k  n}: n ∈ ω}↑ generated by its tails.
We say two filters F and G mesh, in symbols F #G, provided that for every F ∈F and G ∈ G, F ∩G = ∅. Given
two filters that mesh, the supremum of F and G is defined by F ∨ G = {F ∩ G: F ∈ F and G ∈ G}↑. Given two
filters F and G, we say that F is finer than G, written G  F , provided that for every G ∈ G there is an F ∈ F such
that F ⊆ G. Given a collection of filters {Gα: α ∈ I } we define the infimum of the collection to be the filter ∧α∈I Gα
generated by the collection {⋃α∈I f (α): f ∈∏α∈I Gα}. In particular, a filter F # (∧α∈I Gα) if and only if for every
F ∈F there is an α ∈ I such that F #Gα .
Given R ⊆ X × Y we denote its inverse by R−1 = {(y, x): (x, y) ∈ R}. If F ⊆ X and R ⊆ X × Y we let RF =
{y: (x, y) ∈ R and x ∈ F }. If F is a filter on X we let RF = {RF : F ∈ F}↑ provided that RF = ∅ for all F ∈ F .
We say a class D of filters is F1-composable provided that for any sets X and Y and any set R ⊆ X × Y if F is
a D filter on X and RF is defined, then RF is a D-filter on Y . Notice that if K is a F1-composable class of filters,
f :X → Y is a function, F is K-filter on X, and G is K-filter meshing with f [Y ]; then f [F] = {f [F ]: F ∈F}↑ and
f−1[G] = {f−1(G): G ∈ G}↑ are both K-filters. A useful observation is that if F is a filter on X, G is a filter on Y ,
and R ⊆ X × Y ; then RF #G if and only if R−1G #F .
If F has a base consisting of one (countably many) set(s), then we say F is principal (countably based). We say F
is Fréchet (strongly Fréchet [16]) provided that for every principal (countably based) filterH,H#F implies that there
is a countably based filter C such that C F ∨H. The strongly Fréchet filters are also commonly known as Fréchet-α4
or countably bisequential filters. We sayF is productively Fréchet (see [9,13]) provided that for every strongly Fréchet
filter H if H#F , then there is a countably based filter C such that C F ∨H. We say F is bisequential [17] provided
for that every filter G such that G #F there is a countably based filter L such that LF and L#G.
We say F is countably tight [2] if for any set C such that C #F there is a countable D ⊆ C such that D #F . We say
F is tight (see [14,5]) provided that for any collection {(xαn )n∈ω: α ∈ I } of sequences such that (
∧
α∈I (xαn )n∈ω)#F ,
there is a countable J ⊆ I such that (∧α∈J (xαn )n∈ω)#F . The definition of tightness we give here is from [14] and is
shown there to be equivalent to the original definition in [4]. We say F is productively countably tight provided that
for any collection {Gα: α ∈ I } of countably tight filters such that (∧α∈I Gα)#F , there is a countable J ⊆ I such that
(
∧
α∈J Gα)#F . The definition of productive countable tightness we give here is from [14] and is shown there to be
equivalent to a class of filters defined in [2] for completely regular spaces.
For each of the types of filters mentioned in the preceding two paragraphs we say a space X is of the same type if
all of its neighborhood filters are of that type. For example, we say X is a strongly Fréchet space provided that all of
its neighborhood filters are strongly Fréchet.
In [2] a completely regular space X is called ℵ0-bisequential provided that every countable subset of X is bise-
quential and ω is in the frequency spectrum of X. By [2, Theorem 3.6] and [14, Proposition 43] the statement that ω is
in the frequency spectrum of X is equivalent to saying that X is productively countably tight for completely regular X.
It is known that a topological space is productively Fréchet if and only if its product with every strongly Fréchet
space is Fréchet (see [9,13]). By [14, Corollary 39], a space is tight if and only if its product with every Fréchet space
is countably tight. By [14, Corollary 36] and [2, Theorem 3.6], a space is productively countably tight if and only if
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is productively Fréchet.
We say a collection of sets S is an ω-cover of a space X provided that for every finite F ⊆ X there is an S ∈ S
such that F ⊆ S.
3. General theorems about Γ (X) and Cp(X)
Let Y be a topological space, X ⊆ Y , and U be a collection of open subsets of Y such that U is an ω-cover of X. We
define Γ (X,Y,U) to be the filter on U generated by the filterbase of sets of the form VX,Y,U (A) = {U ∈ U : A ⊆ U}
where A ∈ [X]<ω. If X = Y and U is the collection of all open subsets of X we write Γ (X) instead of Γ (X,Y,U)
and V (A) instead of VX,Y,U (A). Our construction follows a similar construction of Gruenhage [11] where Γ (X,Y,U)
is constructed as a space with only one nonisolated point. Indeed, the neighborhood filter of the nonisolated point in
Gruenhage’s construction is essentially the same as the filter described in our construction here.
We say a class of filters K is Fω-steady provided that for any F ∈ K and countably based filter C such that C #F ,
F ∨ C ∈ K.
Lemma 1. Let X be completely regular and K be a F1-composable class of filters. If Cp(X) is a K-space, then
Γ (X) ∈ K.
Proof. Let O be the collection of all open subsets of X. Let Y be the set of all ordered pairs (H,O) in [X]<ω ×O
such that H ⊆ O . Define π :Y → O by π(H,O) = O . Since X is completely regular we can define a function
Θ :Y → Cp(X) such that Θ(H,O)[H ] ⊆ {0} and Θ(H,O)[X \O] ⊆ {1} for every (H,O) ∈ Y .
Since N (0) ∈ K and K is F1-composable, π[Θ−1(N (0))] ∈ K. So, it is enough for us to show that Γ (X) =
π[Θ−1(N (0))].
Fix H ∈ [X]<ωand n ∈ ω. Suppose (L,O) ∈ Θ−1(U(H,n)). Since Θ(L,O) ∈ U(H,n) and Θ(L,O)[X \
O] ⊆ {1}, H ⊆ O . So, π(L,O) ∈ V (H). Thus, π[Θ−1(U(H,n))] ⊆ V (H). Let P ∈ V (H). Notice that Θ(H,P )[H ]
⊆ {0}. So, Θ(H,P ) ∈ U(H,n). Since (H,P ) ∈ Θ−1(U(H,n)), P ∈ π[Θ−1(U(H,n))]. Thus, V (H) ⊆
π[Θ−1(U(H,n))].
Since V (H) = π[Θ−1(U(H,n))], for all H ∈ [X]<ω and n ∈ ω, Γ (X) = π[Θ−1(N (0))]. 
Lemma 2. Let K be a class of filters that is F1-composable and Fω-steady. If Γ (X) ∈ K, then Cp(X) is a K-space.
Proof. Let O denote the open subsets of X. Let W ⊆ Cp(X)× [X]<ω × ω be the set of all ordered triples (f,H,n)
such that f [H ] ⊆ (−1/2n,1/2n). Let π :W → Cp(X) be defined by π(f,H,n) = f . Let Θ :W →O be defined by
Θ(f,H,n) = f−1((−1/2n,1/2n)). For each n ∈ ω let Mn = {(f,H, l): l  n}.
Let M = {Mn: n ∈ ω}↑. Since (0,H,n) ∈ Θ−1(V (H)) ∩ Mn for all H ∈ [X]<ω and n ∈ ω, it follows that
Θ−1(Γ (X))#M.
By F1-composability, Θ−1(Γ (X)) ∈ K. Since M is countably based and K is Fω-steady, Θ−1(Γ (X))∨M ∈ K.
By F1-composability, π[Θ−1(Γ (X))∨M] ∈ K. Thus, it is enough for us to show that π[Θ−1(Γ (X))∨M] =N (0).
Fix H ∈ [X]<ω and n ∈ ω. Let g ∈ U(H,n). Since H ⊆ g−1(−1/2n,1/2n), (g,H,n) ∈ Θ−1(V (H)) ∩ Mn. So,
g ∈ π[Θ−1(V (H)) ∩ Mn]. Thus, U(H,n) ⊆ π[Θ−1(V (H)) ∩ Mn]. Let f ∈ π[Θ−1(V (H)) ∩ Mn]. There exists
an L ∈ [X]<ω such that f = π(f,L,n) and (f,L,n) ∈ Θ−1(V (H)). Now, H ⊆ Θ(f,L,n) = f−1((−1/2n,1/2n)).
So, f ∈ U(H,n). Thus, π[Θ−1(V (H))∩Mn] ⊆ U(H,n).
Since π[Θ−1(V (H)) ∩ Mn] = U(H,n) for all H ∈ [X]<ω and n ∈ ω, it follows that π[Θ−1(Γ (X)) ∨M] =
N (0). 
Lemmas 1 and 2 yield the following theorem:
Theorem 3. Let X be a completely regular space and K be a class of filters that is F1-composable and Fω-steady.
Cp(X) is a K-space if and only if Γ (X) ∈ K.
We say a collection B of open subsets is an ω-base for a topological space Y provided that for every open set
U ⊆ Y and finite set A ⊆ U there is a B ∈ B such that A ⊆ B ⊆ U .
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only if Γ (X) ∈ K.
Proof. Let T be the set of all open subsets of X.
Suppose Γ (X,Y,B) ∈ K. Let R ⊆ T × B be the set of all ordered pairs (I, J ) such that and X ∩ J ⊆ I . Let
A ∈ [X]<ω. It is straightforward to check that R−1VX,Y,B(A) = V (A). Thus, Γ (X) = R−1Γ (X,Y,B). By the F1-
composability of K, Γ (X) ∈ K.
Suppose Γ (X) ∈ K. Let R ⊆ T ×B be the set of all ordered pairs (I, J ) such that and X ∩ J = I . Let A ∈ [X]<ω.
It is straightforward to check that VX,Y,B(A) = RV (A). Thus, RΓ (X) = Γ (X,Y,B). By the F1-composability of K,
Γ (X,Y,B) ∈ K. 
Lemma 5. Let K be a F1-composable class of filters and (X,TX) and (Y,TY ) be topological spaces. Let B = {O ×
P : O ∈ TX and P ∈ TY }. Γ (X)× Γ (Y ) ∈ K if and only if Γ (X × Y,X × Y,B) ∈ K.
Proof. Let D = Γ (X × Y,X × Y,B). Define R :TX × TY → B by R(O,P ) = O × P .
We claim that R(Γ (X)× Γ (Y )) =D.
Let A ∈ [X × Y ]<ω . There exist finite sets G ⊆ X and H ⊆ Y such that A ⊆ G × H . Now V (G) × V (H) ∈
Γ (X)× Γ (Y ) and
R
(
V (G)× V (H))= {B ∈ B: G×H ⊆ B} ⊆ {B ∈ B: A ⊆ B}.
Thus, R(Γ (X)× Γ (Y ))D.
Let J ∈ [X]<ω and K ∈ [Y ]<ω . Let E = {B ∈ B: J × K ⊆ B}. Notice that R(V (J ) × V (K)) = E. Thus, D 
R(Γ (X)× Γ (Y )).
Suppose Γ (X)× Γ (Y ) ∈ K. Since D = R(Γ (X)× Γ (Y )) and K is F1-composable D ∈ K.
Suppose D ∈ K. Since R is a bijection, R−1D = Γ (X) × Γ (Y ). Since K is F1-composable and D ∈ K, Γ (X) ×
Γ (Y ) ∈ K. 
Theorem 6. Let K be a class of filters that is F1-composable. Let f :X → Y be a continuous onto function. If
Γ (X) ∈ K, then Γ (Y ) ∈ K.
Proof. Let TX and TY be the collections of open subsets of X and Y , respectively. Define G :TY → TX by G(O) =
f−1(O). Since K is a F1-composable class of filters it is enough to show that Γ (Y ) = G−1(Γ (X)).
Let C ∈ [Y ]<ω . There is a B ∈ [X]<ω such that f [B] = C. Let O ∈ G−1(V (B)). Now G(O) ∈ V (B). So, B ⊆
G(O) = f−1(O). So, C ⊆ O . So, O ∈ V (C). Hence, G−1(V (B)) ⊆ V (C). Thus, Γ (Y )G−1(Γ (X)).
Let A ∈ [X]<ω. Let O ∈ V (f [A]). Since f [A] ⊆ O , A ⊆ f−1(O) = G(O). So, G(O) ∈ V (A). So, O ∈
G−1(V (A)). Hence, V (f [A]) ⊆ G−1(V (A)). Thus, G−1(Γ (X)) Γ (Y ). 
Theorem 7. Let K be a class of filters that is F1-composable. Let X be a space and W,Z ⊆ X be nonempty. If
Γ (W ×Z) ∈ K, then Γ (W ∪Z) ∈ K.
Proof. Let TW∪Z , and TW×Z stand for the collections of all open subsets of W ∪ Z and W × Z, respectively. Let
πW and πZ be the natural projections of W × Z onto W and Z, respectively. Define θ :TW×Z → TW∪Z by θ(O) =
πW [O] ∪ πZ[O].
Let F ∈ [W ∪ Z]<ω . Let F1 ∈ [W ]<ω and F2 ∈ [Z]<ω be nonempty sets such that F ⊆ F1 ∪ F2. Notice that
θ [V (F1 × F2)] ⊆ V (F). Thus, θ [Γ (W ×Z)] Γ (W ∪Z).
Let G ∈ [W ×Z]<ω. Let H = πW [G] ∪ πZ[G]. Suppose O ∈ V (H). Notice that G ⊆ (W ∩O)× (Z ∩O). Now,
O = (O ∩W)∪ (O ∩Z) = θ [(O ∩W)× (O ∩Z)]. So, V (H) ⊆ θ [V (G)]. Thus, Γ (W ∪Z) θ [Γ (W ×Z)].
Since θ [Γ (W ×Z)] = Γ (W ∪Z) and Γ (W ×Z) ∈ K, Γ (W ∪Z) ∈ K by F1-composability. 
We define operations on filters of sets for later use. Let F be a filter on a collection of sets U . We define limF =⋃
F∈F
⋂
U∈F U and limF =
⋂
F∈F
⋃
U∈F U . We list some properties of the operations below. The proof is left to
the reader.
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(1) X = limΓ (X,Y,U).
(2) If F  G, then limF ⊆ limG.
(3) If F  G, then limG ⊆ limF .
4. Tight Cp(X) spaces
We first formulate two notions, which turn out to be equivalent, that are based on the idea of a space being Fréchet–
Urysohn for finite sets as defined in [12]. Given a filter F we say a collection D of sets is a π -net at F provided that
for every F ∈F there is a D ∈D such that D ⊆ F . We say a filter is Fréchet for countable sets provided that for any
π -net of countable sets C at F there is sequence (Cn)n∈ω on C such that for every F ∈F we have Cn ⊆ F for almost
all n ∈ ω. We say a filter is countably tight for countable sets provided that for any π -net of countable sets C at F
there is a countable D ⊆ C such that D is a π -net at F . We say a topological space X is Fréchet for countable sets
(countably tight for countable sets) provided that its neighborhood filters are Fréchet for countable sets (countably
tight for countable sets).
Lemma 9. Countably tight for countable sets filters are F1-composable.
Proof. Let F be a countably tight for countable sets filter with underlying set X. Let Y be a set and A ⊆ X × Y be
such that AF is defined. Let C be a π -net of countable sets at AF .
Let F ∈ F there is a CF ∈ C such that CF ⊆ AF . There is a countable set DF ⊆ F and a function fF :CF → DF
such that fF ⊆ A.
The collection D = {DF : F ∈ F} is a π -net of countable sets at F . There exist a countable E ⊆ F such that
{DF : F ∈ E} is a π -net at F .
Let F ∈ F . There is an E ∈ E such that DE ⊆ F . Since fE ⊆ A and DE ⊆ F , CE ⊆ AF . So, {CE : E ∈ E} is
a countable π -net at AF . Thus, AF is countably tight for countable sets. 
Lemma 10. If F is countably tight for countable sets, then F ∨A is a countably based filter for every countable set
A such that A#F .
Proof. Notice that F ∨ A is a π -net of countable sets at F . There is a D ⊆ F ∨ A which is a countable π -net at F .
Clearly, D is a countable base for F ∨A. 
Lemma 11. F is countably tight for countable sets if and only if F is Fréchet for countable sets.
Proof. Clearly, if F is Fréchet for countable sets, then F is countably tight for countable sets.
Suppose now that F is countably tight for countable sets. Let C be a π -net of countable sets at F . There is
a countable D ⊆ C that is a π -net at F . Let W = ⋃D. By Lemma 10, F ∨ W is a countably based filter. Let
{En: n ∈ ω} be a ⊆-decreasing base for F ∨ W . For each n ∈ ω let Gn ∈ F be such that En = Gn ∩ W . For each
n ∈ ω let Dn ∈D be such that Dn ⊆ Gn. By the definition of W , Dn ⊆ Gn ∩W = En.
Let F ∈ F . There is an n ∈ ω such that Ek ⊆ F ∩ W for all k  n. Thus, Dk ⊆ F ∩ W for all k  n. Thus, F is
Fréchet for countable sets. 
Lemma 12. If X is a completely regular productively countably tight group, then every countable subset of X is
metrizable. In particular, X is ℵ0-bisequential.
Proof. Let A ⊆ X be countable. Since A is countable its span B with the subspace topology will be a countable
topological group. Since B is a countable subset of a productively countably tight space, B is absolutely countable
tight (that is, B has a countably tight compactification) [14, Proposition 43]. By [3, Theorem 1] every absolutely
countably tight group is metrizable. So B is metrizable. Thus, A is metrizable. 
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Proof. Let {Gα: α ∈ I } be a collection of countably tight filters such that F # (∧α∈I Gα). For every F ∈F there is an
αF ∈ I and a countable set CF ⊆ F such that CF #GαF . Since {CF : F ∈ F} is a π -net at F there exists a countable
π -net {CFn : n ∈ ω} at F . It is now easily verified that F # (
∧
n∈ω GαFn ). 
Theorem 14. The following are equivalent for a completely regular space X:
(a1) every ω-cover of X by Gδ-sets has a countable ω-subcover;
(b1) Cp(X) is countably tight for countable sets;
(c1) Cp(X) is Fréchet for countable sets;
(d1) Cp(X) is productively countably tight;
(e1) Cp(X) is ℵ0-bisequential and every countable subset of Cp(X) is metrizable;
(f1) Cp(X) is tight.
Proof. (a1) → (b1). By Lemma 9, countably tight for countable sets is a F1-composable property. By Lemma 1, it is
enough to show that Γ (X) is countably tight for countable sets.
Let C be a π -net of countable sets at Γ (X). Let A ∈ [X]<ω. There is a CA ∈ C such that CA ⊆ V (A). Notice that
GA =⋂CA is a Gδ-set containing A.
Now {GA: A ∈ [X]<ω} is an ω-cover of X by Gδ-sets. By (a1), there is a countable {An: n ∈ ω} ⊆ [X]<ω such
that {GAn : n ∈ ω} is an ω-cover of X.
Let B ∈ [X]<ω . There is an n ∈ ω such that B ⊆ GAn . It follows that CAn ⊆ V (B). Thus, {CAn : n ∈ ω} is a count-
able π -net at Γ (X).
(b1) → (c1) → (d1). By Lemma 11, (b1) ↔ (c1). The implication (b1) → (d1) is just Lemma 13.
(d1) → (e1). This is just Lemma 12.
(e1) → (f1). If Cp(X) is ℵ0-bisequential, then it is productively countably tight (see Section 2). In particular,
Cp(X) is tight.
(f1) → (a1). By [14], tightness is a F1-composable property and it is easily checked that tightness is a Fω-steady
property. So, by Lemma 2, (f1) implies that Γ (X) is tight.
Let G be an ω-cover of X by Gδ-sets. Let A ∈ [X]<ω. There is a GA ∈ G such that A ⊆ GA. Let GA =⋂n∈ω GA,n
where GA,n is open and GA,n+1 ⊆ GA,n for all n ∈ ω.
Now,
∧
A∈[X]<ω(GA,n)n∈ω #Γ (X). By the tightness of Γ (X), there exist a countable set {Ak: k ∈ ω} ⊆ [X]<ω
such that
∧
k∈ω(GAk,n)n∈ω #Γ (X).
Let B ∈ [X]<ω. There is a k ∈ ω such that (GAk,n)n∈ω #V (B). Since the terms of (GAk,n)n∈ω are nested it follows
that B ⊆ GAk . Thus, {GAk : k ∈ ω} is a countable ω-subcover of G. 
A space is called a P -space provided that for any countable collection O of open sets ⋂O is open. Given a space
X its Gδ-sets form a new topology on X called the Gδ-topology.
Corollary 15. X satisfies (a1) if and only if its Gδ-topology is Lindelöf.
Proof. Suppose the Gδ-topology is Lindelöf. Notice that X with its Gδ-topology is a P -space. In [8, p. 157] it is
observed that every ω-cover of a Lindelöf P -space has a countable ω-subcover. Thus, X satisfies (a1).
Suppose X satisfies (a1). Let G be a cover of X by Gδ-sets. Let H be the collection of finite unions of elements
of G. Clearly, H is an ω-cover of X by Gδ-sets. By (a1), there exist {Hn: n ∈ ω} ⊆H such that X ⊆⋃n∈ω Hn. Since
each Hn is the union of finitely many elements of G, we can find a countable subcover of G. 
Corollary 16. Every Lindelöf P -space satisfies (a1).
Proof. Let X be a Lindelöf P -space. Since the Gδ-sets and open sets in X coincide, X satisfies (a1), by Corol-
lary 15. 
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5. Two games related to conditions (a1) and (c1)
The condition (a1) seems close to saying X is countable and the condition (c1) seems close to saying X is first-
countable. So, it seems reasonable to compare these conditions to two very strong properties of spaces that are defined
in terms of games.
Let X be a space. The point-open game (see [20,6]) is played by two players I and II. At the nth stage of the
game I chooses a finite subset Fn of X and II selects an open set Un such that Fn ⊆ Un. I wins if {Un: n ∈ ω} is
a cover of X. If I has a winning strategy in the point-open game, based only the previous moves of II, we say that X is
a V -space. It is known (see [20,6]) that there are uncountable V -spaces, for example, the one point compactification
of an uncountable discrete space.
Let X be a space and p ∈ X. The neighborhood-point game [10] at p is played by two players I and II. In the
nth stage I chooses a neighborhood Un of p and II selects a point pn ∈ Un. I wins the game if the sequence (pn)n∈ω
converges to p. The point p is called a W -point if I has a winning strategy, based only the previous moves of II, in
the neighborhood-point game at p. It is known [10] that there are non-first countable W -points, for example, the one
point compactification of an uncountable discrete space.
Lemma 18. If X is a V -space, then every cover of X by Gδ-sets has a countable subcover.
Proof. In [21] it is shown that the point-open game is equivalent, in the sense that I has a winning strategy in one of
the games if and only if I has winning strategy in both games, to the game where I plays a finite set Fn and II plays
Gδ set Gn containing Fn and I wins if {Gn: n ∈ ω} is cover of X. Call this equivalent game the point-Gδ game.
Let G be a cover of X by Gδ-sets. Let H be the collection of Gδ sets formed by taking all finite unions of sets
from G. Clearly, every finite subset of X is contained in an element of H. Let (〈Fn,Hn〉)n∈ω be a run of the point-Gδ
game where II plays members of H and I applies the winning strategy. Now {Hn: n ∈ ω} is a cover of X. Since each
Hn is the union of finitely many members of G, there is a countable subcover of G. 
So, by Corollary 15, if X is a V -space, then X satisfies condition (a1). Telgársky and van Douwen [21] have
shown that there is a Lindelöf P -space X in which player I has no winning strategy in the point-open game. So, by
Corollary 16, there is a space satisfying (a1) that is not a V -space.
Consider the following modification of the neighborhood-point game. Let X be a space and p ∈ X. The
neighborhood-countable game at p is played by two players I and II. In the nth stage I chooses a neighborhood
Un of p and II selects a countable set Cn ⊆ Un. I wins the game if the sequence (Cn)n∈ω converges to p, in the sense
every neighborhood of p contains Cn for all but finitely many n ∈ ω. The point p is called a strong W -point if I has
a winning strategy in the neighborhood-countable game at p.
Lemma 19. Let X be a space and p ∈ X. If p is a W -point, then p is a strong W -point.
Proof. Let p ∈ X be a W -point. Let N be the neighborhood filter at p. Let Xn be the collection of all sequences
of points in X of length less than or equal to n where n ∈ ω. Let X<ω =⋃n∈ω Xn. A master-strategy for I is a map
F :X<ω →N , we will assume that F(∅) = X. A strategy for I is a sequence of the form (F (t |n))n∈ω where t ∈ Xω.
Since p is a W -point, there is a master-strategy F such that for any t ∈ Xω with the property that t (n) ∈ F(t |n)
for every n ∈ ω the sequence (t (n))n∈ω converges to p. We will use F to construct winning strategies for I in the
neighborhood-countable game.
Define U0 = X. Suppose we are at the nth stage of the game and that II has played countable sets C0, . . . ,Cn−1.
For each k < n let {clk: l ∈ ω} be an enumeration, possibly with repetitions, of Ck . Let Mn ⊆ Xn be defined by
Mn =
⋃{∏
k∈K
{
cik: i < n
}
: ∅ = K ⊆ n
}
.
Let Un =⋂ F(σ).σ∈Mn
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on ω and an N ∈N and a sequence (xa(n))n∈ω such that xa(n) ∈ Ca(n) for all n ∈ ω and {xa(n): n ∈ ω} ∩N = ∅.
Clearly, xa(0) ∈ F(∅). Suppose n 0 and we have defined a sequence σn = xa(l0), . . . , xa(ln) such that l0 = 0 and
σn(i) ∈ F(σn|i) for all i  n. Let ln+1 be so large that xa(li ) ∈ {cja(li ): j < a(ln+1)} for all i < n + 1. Notice that
σn ∈ Ma(ln+1). Now,
xa(ln+1) ∈ Ca(ln+1) ⊆ Ua(ln+1) ⊆ F(σn).
Let σn+1 = xa(l0), . . . , xa(ln+1). Now, σn+1(n+ 1) ∈ F(σn+1|(n+ 1)).
Let σ =⋃n∈ω σn. Since σ(n) ∈ F(σ |n) for all n, (xa(ln))n∈ω converges to p, contradicting that {xa(n): n ∈ ω} ∩
N = ∅.
Thus, (Cn)n∈ω converges to p. So, I has a winning strategy in the point-countable game. 
Lemma 20. Let X be a space and p ∈ X. If p is a W -point, then the neighborhood filter of p is Fréchet for countable
sets.
Proof. Let X be a W -space and p ∈ X. Let C be a π -net of countable sets at p. Let I and II play a run of the point
countable game where II plays elements Cn of C. If I applies the winning strategy guaranteed by Lemma 19, then the
sequence (Cn)n∈ω converges to p. 
Let X be a completely regular Lindelöf P -space that is not a V -space [19]. It has been shown by Gerlits and
Nagy [8] that I has a winning strategy in the point-open game in X if and only if Cp(X) is a W -space. So, Cp(X)
is not a W -space. By Corollary 16 and Theorem 14, Cp(X) is Fréchet for countable sets. Thus, being Fréchet for
countable sets is a strictly weaker property than being a W -space.
6. Productive γ -sets
We recall the definition of a γ -set from [8]. A sequence (Un)n∈ω of subsets of X is said to be a Γ -cover of X
provided that every element of X is contained in Un for all but finitely many n. A space X is called a γ -set provided
that every ω-cover of X by open sets contains a Γ -cover of X.
Lemma 21. X is a γ -set if and only if Γ (X) is Fréchet if and only if Γ (X) is strongly Fréchet.
Proof. Suppose X is a γ -set. Let C = {Cn: n ∈ ω}↑ be a countably based filter and C #Γ (X). Without loss of gener-
ally, we may assume that Cn+1 ⊆ Cn for every n ∈ ω. Since Cn #Γ (X) for every n, it follows from the definition of
Γ (X) that Cn is an ω-cover of X for every n ∈ ω. By [8, p. 155], there is for every n ∈ ω, a Un ∈ Cn such that (Un)n∈ω
is a Γ -cover of X. By the definition of Γ (X), (Un)n∈ω  Γ (X). Also, (Un)n∈ω  C. Thus, Γ (X) is strongly Fréchet.
Clearly, if Γ (X) is strongly Fréchet, then Γ (X) is Fréchet.
Suppose Γ (X) is Fréchet. Let U be an ω-cover of X by open sets. Notice that U #Γ (X). Since Γ (X) is Fréchet,
there exist a sequence (Un)n∈ω on U such that (Un)n∈ω  Γ (X). It follows that (Un)n∈ω is a Γ -cover of X. Thus, X
is a γ -set. 
Since being strongly Fréchet is a F1-composable property and a Fω-steady property, the following result of J. Ger-
lits and Zs. Nagy is a corollary of Theorem 3 and Lemma 21.
Proposition 22. [8] Let X be a completely regular space. The following are equivalent:
(1) Cp(X) is strongly Fréchet,
(2) Cp(X) is Fréchet, and
(3) X is a γ -set.
We call a space X a productive γ -set provided that Γ (X) is productively Fréchet. We will now investigate some
properties of these spaces. Since being productively Fréchet is a F1-composable property and is also a Fω-steady
property [14], an immediate corollary of Theorem 3 is:
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We note some other corollaries of the results in Section 3.
Corollary 24. If X is a productive γ -set, then X × Y is a γ -set for every γ -set Y .
Proof. Suppose X is a productive γ -set and Y is a γ -set. Since Γ (X) is productively Fréchet and Γ (Y ) is strongly
Fréchet, Γ (X) × Γ (Y ) is strongly Fréchet. By Lemma 5, Γ (X × Y,X × Y,B) is strongly Fréchet, where B is as in
Lemma 5.
Let U be a collection of open sets in X×Y such that U #Γ (X×Y). Let K ∈ X<ω and L ∈ [Y ]<ω . There is a U ∈ U
such that K ×L ⊆ U . Let VK×L ∈ B be such that K ×L ⊆ VK×L ⊆ U . Let C = {VK×L: (K,L) ∈ [X]<ω × [Y ]<ω}.
Clearly, C #Γ (X×Y,X×Y,B). So, there is a sequence (Kn×Ln)n∈ω such that (VKn×Ln)n∈ω  Γ (X×Y,X×Y,B).
For each n ∈ ω pick Un ∈ U so that VKn×Ln ⊆ Un. Let F ∈ [X]<ω. There an N ∈ ω such that F ⊆ VKn×Ln for all
nN . Clearly, F ⊆ Un for all nN . So, (Un)n∈ω  Γ (X × Y). Thus, Γ (X × Y) is Fréchet.
Therefore, X × Y is a γ -set. 
Corollary 25. If X and Y are productive γ -sets, then X × Y is a productive γ -set.
Proof. Suppose X is a productive γ -set and Y is a productive γ -set. Since Γ (X) and Γ (Y ) are productively Fréchet,
Γ (X)×Γ (Y ) is productively Fréchet [13]. By Lemma 5, Γ (X × Y,X × Y,B) is productively Fréchet, where B is as
in Lemma 5.
Let H be a strongly Fréchet filter such that H#Γ (X × Y). Let T stand for the open subsets of X × Y . Define
R ⊆ T ×B so that (O,P ) ∈ R if and only if P ⊆ O . By F1-composability, RH is strongly Fréchet.
Let F ∈ [X × Y ]<ω and H ∈ H. Let K ∈ X<ω and L ∈ [Y ]<ω be such that F ⊆ K × L. There is a U ∈ H ∩
V (L×K). There is a Z ∈ B such that K ×L ⊆ Z ⊆ U . Now Z ∈ RH and F ⊆ Z. So, Z ∈ VX×Y,X×Y,B(F ) ∩RH .
Thus, RH#Γ (X × Y,X × Y,B).
There is a sequence (Bn)n∈ω on B such that (Bn)n∈ω  RH. Notice that R−1(Bn)n∈ω #H. Since H is strongly
Fréchet, there exist a P ∈ [ω]ω and a sequence (Un)n∈P H on TX×Y such that Un ∈ R−1Bn for each n ∈ P . Let
F ∈ [X × Y ]<ω . There is an N ∈ ω such that F ⊆ Bn for every nN . Since Bk ⊆ Uk for all k ∈ P , F ⊆ Un for all
nN . Thus, (Un)n∈P  Γ (X × Y). Thus, Γ (X × Y) is productively Fréchet.
Therefore, X × Y is a productive γ -set. 
Corollary 26. If X ⊆ R is a productive γ -set and Y ⊆ R is a γ -set, then X+Y = {x+y: x ∈ X and y ∈ Y } is a γ -set.
Proof. By, Corollary 24 X×Y is a γ -set. The surjection f : X×Y → X+Y defined by f (x, y) = x+y is continuous.
So, by Theorem 6, X + Y is a γ -set. 
Corollary 27. If X,Y ⊆ R are productive γ -sets, then X + Y is a productive γ -set.
Proof. By, Corollary 24 X × Y is a productive γ -set. The surjection f :X × Y → X + Y defined by f (x, y) = x + y
is continuous. So, by Theorem 6, X + Y is a productive γ -set. 
Corollary 28. Let X be a space and W,Z ⊆ X. If W is a productive γ -set and Z is a γ -set, then W ∪Z is a γ -set.
Proof. By Corollary 24 and Theorem 7. 
Corollary 29. Let X be a space and W,Z ⊆ X. If W and Z are productive γ -sets, then W ∪Z is a productive γ -set.
Proof. By Corollary 25 and Theorem 7. 
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Given a space X we say a regular space Y is a countably compact extension of X provided that X is dense in Y
and Y is countably compact. We say p ∈ X is an ω-absolutely countably tight point provided that there is a countably
compact extension Y of X such that the neighborhood filter of p in Y is countably tight.
Lemma 30. If p ∈ X is an ω-absolutely countably tight point, then the neighborhood filter of p is tight.
Proof. Suppose that p is an ω-absolutely countably tight point. Let Y be a countably compact extension of X such
that the neighborhood filter NY (p) of p in Y is countably tight. Let NX(p) denote the neighborhood filter of p
in X. Let D = {(xαn )n∈ω: α ∈ I } be a collection of sequences such that for every N ∈ NX there is an α ∈ I such
that (xαn )n∈ω #N . For each α ∈ I let Cα = {y ∈ Y : NY (y)# (xαn )n∈ω}. Since Y is regular, it is easily verified that
NY (p)#
⋃
α∈I Cα . Since NY (p) is countably tight there exist a countable C ⊆
⋃
α∈I Cα such that C #NY (p). For
each c ∈ C let αc ∈ I be such that c ∈ Cαc . Let D1 = {(xαcn )n∈ω: c ∈ C}. Let M ∈NX(p). There is an N ∈NY (p)
such that M = N ∩ X. There is a c ∈ C such that c ∈ N . Since NY (c)# (xαcn )n∈ω and N is open, N # (xαcn )n∈ω. So,
M # (xαcn )n∈ω. Thus, NX(p) is a tight filter. 
Let X be an uncountable subset of R. By Corollary 17, Cp(X) is not tight. So, by Lemma 30, no countably compact
extension of Cp(X) can be Fréchet or even countably tight. Thus, to give a negative answer to the question of whether
every productively Fréchet space has a countably compact extension it is enough to find an uncountable subset X of
R such that Cp(X) is productively Fréchet (in other words, X is a productive γ -set). We will construct such a set,
assuming the Continuum Hypothesis, by modifying a construction of Galvin and Miller [7].
We will actually work in the Cantor set 2ω. We will follow the usual convention of identifying each element σ of
2ω with the element σ−1(1) of [ω]ω. We let 2<ω denote the elements of 2ω such that σ−1(1) is finite and 2n denote
the elements of 2ω such that σ−1(1) ⊆ n.
We let B denote the subsets of 2ω which are both open and closed (we will call such sets clopen). Notice that B is
countable and an ω-base for 2ω. Given Y ⊆ ω we let Y ∗ = {X ⊆ ω: X \ Y is finite}.
Proposition 31. [7, Lemma 1.2] Let X ∈ [ω]ω and let V be an ω-cover of 2<ω by open sets. There is a Y ∈ [X]ω and
a V1 ⊆ V such that V1 is a Γ -cover of Y ∗.
Given f,g ∈ ωω we write f <∗ g provided that {n: g(n) f (n)} is finite.
Lemma 32. Let X ∈ [ω]ω and ((Bnk )k∈ω)n∈ω be a sequence of sequences of open subsets of 2ω such that 2<ω ⊆
lim(Bnk )k∈ω for every n ∈ ω. There exists a Y ∈ [X]ω and a sequence (Lp)p∈ω on [ω]ω such that
lim
{⋃
np
{
B
p
k : k ∈ Lp
}
: n ∈ ω
}↑
contains Y ∗.
Proof. For every s ∈ 2<ω define hs :ω → ω such that s ∈ Bnk for all n, k ∈ ω such that k  hs(n). Since 2<ω is
countable, there is a strictly increasing h :ω → ω such that hs <∗ h for every s ∈ 2<ω. Let J = h[ω]. For each k ∈ J
define Ek =⋂{Bik: i  h−1(k)}.
We claim that (Ek)k∈J is a Γ -cover of 2<ω. Let s ∈ 2<ω. There is an ls ∈ ω such that hs(i) h(i) for all i  ls .
Let ms = max{hs(i): i  ls}. Suppose k ∈ J and k  ms . Assume that i  h−1(k). If i  ls , then s ∈ Bik , since
hs(i)  ms  k. Assume that ls < i  h−1(k). In this case, hs(i)  h(i)  k. So, s ∈ Bik . Thus, s ∈ Ek . Therefore,
(Ek)k∈J is a Γ -cover of 2<ω.
Applying Proposition 31 to (Ek)k∈J , we can find a infinite L ⊆ J and a Y ∈ [X]ω such that (Ek)k∈L is a Γ -cover
of Y ∗. For each p ∈ ω define Lp = {k ∈ L: h(p) k}.
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Notice that l = h(n) h(p) k. Since l  k, W ∈ Ek . Since p = h−1(h(p)) h−1(k), Ek ⊆ Bpk . So, W ∈ Bpk . Thus,
lim
{⋃
np
{
B
p
k : k ∈ Lp
}
: n ∈ ω
}↑
contains Y ∗. 
Since B is countable, there are only continuum many sequences on B. Let E be the collection of all countably
based filters generated by sequences on B. Since E has cardinality continuum, it follows that the set Eω has cardinality
continuum.
Theorem 33. Assume the Continuum Hypothesis. There is an uncountable productive γ -set W ⊆ 2ω.
Proof. By Theorem 3 and Lemma 4, it is enough to construct an uncountable W ⊆ 2ω such that Γ (W,2ω,B) is
productively Fréchet.
Let A,B ⊆ ω1 be two mutually disjoint uncountable sets. Let {Lα: α ∈ A} be an enumeration with uncountably
many repetitions of all elements Lα of E such that 2<ω ⊆ limLα . Let {Eα: α ∈ B} be an enumeration of all elements
((Bnk )k∈ω)n∈ω of Eω such that 2<ω ⊆ lim(Bnk )k∈ω for every n ∈ ω. Suppose α ∈ ω1 and we have constructed subsets{wξ : ξ < α} of ω such that:
(a2) if β < ξ , then wξ \wβ is finite,
(b2) if β ∈ A, then w∗β ⊆ limLβ ;
(c2) if ξ ∈ B and {lim(Bnk )k∈ω: n ∈ ω} is a Γ -cover of 2<ω ∪ {wβ : β < ξ} where ((Bnk )k∈ω)n∈ω = Eξ , then there is
a sequence (Mn)n∈ω on [ω]ω such that
lim
{⋃
np
{
B
p
k : k ∈ Mp
}
: n ∈ ω
}↑
contains w∗ξ ∪ {wβ : β < ξ}
We show how to construct wα . Since α is countable there is an infinite z ⊆ ω such that z \wξ is finite for all ξ < α.
Suppose α ∈ A. By Proposition 31, there is an infinite y ⊆ z such that y∗ ⊆ limLα . Let wα = y. Clearly, wα will
satisfy conditions (a2), (b2), and (c2).
Suppose that α ∈ B . For brevity, we let S = {wξ : ξ < α}.
If {limE : E ∈ Eα} is not a Γ -cover of S, then letting wα = z will guarantee that (a2), (b2), and (c2) are satisfied.
Assume Eα = ((Bnk )k∈ω)n∈ω and {lim(Bnk )k∈ω: n ∈ ω} is a Γ -cover of S. Since every element of S is contained in
lim(Bnk )k∈ω for all but finitely many n ∈ ω, there is for every s ∈ S, an ns ∈ ω and a φs :ω → ω such that s ∈ Bnk for
all n, k ∈ ω such that n ns and k  φs(n). Since S is countable, there is a φ :ω → ω such that the set {n ∈ ω: φ(n)
φs(n)} is finite for every s ∈ S. Now,
S ⊆ lim
{⋃
np
{
B
p
k : k  φ(p)
}
: n ∈ ω
}↑
.
By the definition of Eα , 2<ω ⊆ lim(Bnk )k∈ω for every n ∈ ω. Applying Lemma 32 to the sequence of sequences
((Bnk )k∈ω)n∈ω, we can find a wα ∈ [z]ω and a sequence (Lp)p∈ω on [ω]ω such that
w∗α ⊆ lim
{⋃
np
{
B
p
k : k ∈ Lp
}
: n ∈ ω
}↑
.
For p ∈ ω let Mp = Lp \ φ(p). Now
S ∪w∗α ⊆ lim
{⋃{
B
p
k : k ∈ Mp
}
: n ∈ ω
}↑
.np
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Let W = 2<ω ∪ {wα: α ∈ ω1}. We now show that Γ (W,2ω,B) is a productively Fréchet filter. For brevity, we will
for the remainder of the proof write Γ (W) for Γ (W,2ω,B) and V (A) for VW,2ω,B(A) when A ∈ [W ]<ω. Let F be
a strongly Fréchet filter on B such that F #Γ (W).
Claim 1. There is a strongly Fréchet filter G F such that G #Γ (W) and 2<ω ⊆ limG.
Proof. Let M = {V (2n): n ∈ ω}↑. Let G = F ∨M. Since M is countably based and F is strongly Fréchet, it
follows that G is strongly Fréchet. Since G M, we have 2<ω ⊆ limG.
Let H ∈ [W ]<ω . Since F #Γ (W), we have F #V (H ∪2n) = V (H)∩V (2n) for every n. So, F # (V (H)∨M).
It follows that, (F ∨M)#V (H). So, G #V (H). Thus, G #Γ (W). 
Claim 2. There exists a sequence ((J nk )k∈ω)n∈ω of sequences on B such that (J nk )k∈ω  G for every n ∈ ω,{lim(J nk )k∈ω: n ∈ ω} is a Γ -cover of W , and 2<ω ⊆ lim(J nk )k∈ω for every n ∈ ω.
Proof. Let (J 0k )k∈ω  G be a sequence on B (such a sequence exists since G is strongly Fréchet). Since 2<ω ⊆ limG,
we have 2<ω ⊆ lim(J 0k )k∈ω. Let α0 ∈ ω1 be such that Lα0 = (J 0k )k∈ω. By (a2) and (b2), {wβ : α0  β} ⊆ limJ 0k .
Assume we have defined for every i < n, a (J ik )k∈ω  G, and increasing ordinals (αi)n−1i=0 in ω1 such that:
(a3) 2<ω ∪ {wξ : ξ  αi−1} ∪ {wβ : αi  β} ⊆ lim(J ik )k∈ω .
We construct (J nk )k∈ω, and αn. Let T = {wξ : ξ < αn−1}. Let {tl : l ∈ ω} be an enumeration of T . Since G is strongly
Fréchet and G # (V ({t0 . . . tl}))l∈ω, we may find a sequence (J nk )k∈ω  G with the property that T ⊆ lim(J nk )k∈ω. Since
(J nk )k∈ω  G, we also have that 2<ω ⊆ lim(J nk )k∈ω . Since G is based in subsets of B, we may assume that Jnk ∈ B
for every k ∈ ω. Let αn ∈ ω1 be such that Lαn = (J nk )k∈ω. Since each element of E appears uncountably many times
in {Lα: α ∈ ω1}, we can pick αn > αn−1. By (b2) and (a2), {wβ : αn  β} ⊆ lim(J nk )k∈ω. Now, 2<ω ∪ {wξ : ξ <
αn−1} ∪ {wβ : αn  β} ⊆ lim(J nk )k∈ω . So, (a3) is satisfied.
Let w ∈ W . If w ∈ {wβ : αn  β} for every n ∈ ω, then w ∈ lim(J nk )k∈ω for all n ∈ ω. Suppose there is an n ∈ ω
such that w /∈ {wβ : αn  β}. In this case, for any m> n we will have w ∈ {wξ : ξ < αm} ⊆ limkJmk . It follows that,{lim(J nk )k∈ω: n ∈ ω} is a Γ -cover of W . 
Let ((J nk )k∈ω)n∈ω be the sequence of sequences from Claim 2. There is an α ∈ ω1 such that Eα = ((J nk )k∈ω)n∈ω .
So, by (c2), there is a sequence (Mn)n∈ω on [ω]ω such that
lim
{⋃
np
{
J
p
k : k ∈ Mp
}
: n ∈ ω
}↑
contains w∗α ∪ {wβ : β < α}. Let H= {
⋃
np{Jpk : k ∈ Mp}: n ∈ ω}↑. Since H is countably based and meshes with G,
there is a sequence (Bn)n∈ω on B that is finer than G ∨H. Since W ⊆ w∗α ∪ {wβ : β < α} ⊆ limH ⊆ lim(Bn)n∈ω ,
(Bn)n∈ω  Γ (W). Thus, Γ (W) is productively Fréchet. 
8. A Cardinal Property of productive γ -sets
A set S ⊆ ωω is said to be unbounded if for any f ∈ ωω there is a g ∈ S such that g <∗ f . Let b stand for the
smallest cardinality of an unbounded set in ωω.
Theorem 34. Let X be a productive γ -space whose points are Gδ-sets. If |X| < b, then X is countable.
Proof. Let O be the collection of all open subsets of X. Let K be the collection of all sequences (On)n∈ω in O such
that limnOn is countable. Let F =∧K. Notice that K is closed with respect to taking subsequences.
For any F ∈ [X]<ω we may find a sequence (On)n∈ω such that limnOn = F . So, F #Γ (X).
882 F. Jordan / Topology and its Applications 154 (2007) 870–883Suppose C is a countably based filter and C #F . We may assume that C has a base {Ck: k ∈ ω} where Ck+1 ⊆ Ck for
all k ∈ ω. For every k ∈ ω we have Ck #F . So for every k ∈ ω there is a sequence (Okn)n∈ω ∈ K such that Ck # (Okn)n∈ω .
Since K is closed with respect to subsequences, we may assume that {Okn : n ∈ ω} ⊆ Ck . Let A =
⋃
k∈ω limnOkn . By
the definition of K, A is countable. For every x ∈ X \A let fx ∈ ωω be defined by fx(k) = n where n is the smallest
element of ω such that x /∈⋃ln Okl . Define θ : (X \A) → ωω by θ(x) = fx . Since |X \A| < b, θ [X \A] is bounded
in ωω. Let g ∈ ωω be such that fx <∗ g for all x ∈ X \ A. Consider the sequence (Okg(k))k∈ω. Let x ∈ X \ A. There
is an l ∈ ω such that x /∈ Okg(k) for all k > l. So, x /∈ limkOkg(k). Thus, (Okg(k))k∈ω ∈ K. Since {Okn : n ∈ ω} ⊆ Ck for
every k, (Ok
g(k)
)k∈ω  F ∨ C. Thus, F has the property that for any countably based filter C such that C #F there is
a element of K finer than C. In particular, F is strongly Fréchet.
Since F is strongly Fréchet and F #Γ (X), there is a countably based filter C F ∨Γ (X). There is a (On)n∈ω ∈ K
such that (On)n∈ω  C. Since (On)n∈ω  Γ (X) and limnOn is countable, X is countable. 
Corollary 35. There is an X ⊆ R such that |X| = ω1 and X is not a productive γ -set.
Proof. By Theorem 34, we may assume that ω1 = b. Since b = ω1, there is a set X ⊆ ωω such that |X| = ω1 and X
is unbounded. It is easily checked that any γ -set, hence any productive γ -set, in ωω is bounded [15]. Thus, X is not
a productive γ -set. 
9. Problems of productive γ -sets
Problem 1. Is the countable union of productive γ -spaces a productive γ -space?
Problem 2. Does the existence of an uncountable productive γ -space imply the Continuum Hypothesis?
Problem 3. Is the existence of an uncountable productive γ -space compatible with Martin’s Axiom and the negation
of the Continuum Hypothesis?
Problem 4. Does there exist an uncountable productive γ -space every subset of which is a productive γ -space?
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